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Abstract

In this paper we introduce the notion of “function of second bounded variation” in the sense of Shiba and we show that if a super-
position operator applies the space of all such functions on itself and it is uniformly bounded, then its generating function satisfies a
Matkowski condition.
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Resumen

En este trabajo introducimos la nocién de funcién de segunda variacién acotada en el sentido de Shiba y mostramos que si un operador
de superposicion aplica el espacio de todas estas funciones en s{ mismo y es uniformemente acotado, entonces su funcién generadora
satisface una condicién de Matkowski.
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1. Introduction

The notion of function of bounded variation, or BV function, was introduced by C. Jordan in 1881 [1], when he criti-
cally re-examined a faulty proof given by Dirichlet to the famous Fourier’s conjecture on trigonometric series expansion
of periodic functions, see [2]. By showing that functions of bounded variation are precisely those that can be expressed
as the difference of two monotone functions, Jordan actually extended the Dirichlet’s criterium (on convergence of the
Fourier series of monotone functions) to the class of BV functions. Since then, the notion has been generalized in sev-
eral ways leading to many important results in mathematical analysis, among them, many concerning the nature of the
composition of functions in those spaces.

If I = [a, D] is a closed interval in R, we will denote by BV (I, R) the space of all (real valued) functions of bounded
variation on the interval /.
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Inspired by the work done in [3], we will say that a sequence of positive real numbers, A = {A;}”, is a W-sequence
if it is non-decreasing and Y (1/4;) = +co.

Indeed, in 1972, D. Waterman [3] introduced the class ABV([a, b]) of functions of A-bounded variation and in 1980,
M. Shiba [4] generalized Waterman’s notion by introducing the class A,BV([a, b]) (1 < p < oo); that is, the class of all
functions f : [a, b] — R with bounded A ,-variation on [a, b].

Definition 1. [5] Let I = [a,b] C R be a closed interval. Let A be a ‘W-sequence and suppose that p > 1. A function
f I — Ris said to be of bounded A, —variationon I (f € A,BV(I)) if

Va,(f) = Valf,p, D) = sgp VA, f.p. D) < oo,

where

- PPN
VA fop. D) = ZM
i=1

1

b}

and the supremum is taking over all partitions & :a = xp < x; <--- < x, = b of the interval 1.
If p = 1 one obtains just the Waterman’s class ABV([a, b]).

We will use the expression V/ to denote the linear space of all functions from / into a given linear space V. Let X
be a subspace of R’. Given a function 4 : I x R — R, the superposition (Nemytskij or composition, see [6]) operator
H : X — R/, generated by £, is defined as

H(f)(®) = h(t, f(1), 1€ [a,b]. (1.1)
If the function /& does not depend on the first variable; thatis, 4 : R — R, then the operator

H(f)(1) := h(f(©), t€la,b], feX (1.2)

is known as the autonomous superposition operator generated by h.

Given two linear spaces X,Y c R’ and a function 2 : I x R — R, a primary goal of research in nonlinear analysis
is to investigate under what conditions, for the generating function #, the associated superposition operator maps X
into Y. This problem is known as the Superposition Operator Problem; see, e.g., [6, 7]. Following [6] we will state the
Superposition Operator Problem as the following set-theoretic identity:

sop(X,Y) :={h:S5,X)cC Y}

where S,,(f)(®) := h(t, f(1)), t€[a,b]and f € X, also we write just sop (X) if X = Y.
The first work on the SOP in the space BV(I, R) was made by Josephy in 1981 [8]. In 1974, Chaika and Waterman
[9] reached a similar result for the space of functions of bounded harmonic variation HBV(I).

In a seminal article of 1982, J. Matkowski, [10], showed that if a superposition operator H, generated by a function

h : [a,b] x R — R, maps the space Lip[a, b], of all Lipschitz functions defined on [a, b], into itself and is globally
Lipschitz, then 4 has the form

h(x,y) = hi(x)y+ ho(x), xel,yeR (1.3)

for some hy, hy € Lip[a, b].

There are a variety of spaces besides Lip[a, b] that verify this result (see [11, 12]).

In this paper we introduce the notion of second bounded variation functions, in the sense of Waterman-Shiba, AIZ,BV,
following the line traced by De la Vallée Poussin [13], in 1908, and M. Shiba [4], in 1980. Also, we will show that if a
superposition operator applies the space Af,BV in itself and it is uniformly bounded then its generating function must be
of the form (1.3). In order to do that, in section 2 we present the definition, properties and some auxiliary results for the
new space AZBV.

2. The space A2BV

In these section, we introduce the notion of functions of second bounded variation in the sense of Shiba.
Throughout the rest of this paper we will denote by Vi 1,(f) or Va1 ,(f;[a,b]) the A,—variation, given in the
definition 1.
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In addition, © = {x;}?_, will denote a partition of the interval [a, b]; thatis, a = xo < x; < -+ < x,-1 < x, = b. If
such a partition includes at least three points we will write & € [13([a, b]).
Suppose A = {4;}™ be a ‘W-sequence.
Definition 2. Let 1 < p < co. The (A, 2, p)-th variation of f on [a, b] is defined as

n-2 1/p
| 3 Xit2s Xivl) — 3 Xip1, X)IP
Vaasf:la.b) = Vi () = sup| 3 1@ K2 i) 2O ien W)

'S i

where Q(f; 8, ) = % and the supremun is taken over all the partitions 7 = {x;}_, € I13([a, D]).

The sum in the definition 2, is called an approximate sum to Va2 ,(f; [a, b]).

When Vp, ,(f; [a, b]) < co we say that f has (A, 2, p)—th bounded variation on [a, b]. We denote by AzBV([a, b))
the space containing such functions.

Lemma 1. The space Af,BV([a, b)) contains all affine functions.

Proof. Let A be a ‘W-sequence and suppose = {x;}7_, € II3([a, b]).
Let us define p(x) =cx+d, x¢€la,b], c,deR. Then

|01 (5 Xiv2, Xit1) — Q1(; Xig1, X))
P(xiv2) = e(xis1) — (xiv1) = @(x;)
Xi+2 — Xi+l Xi+1 — Xi
cxip+d—cxipp—d  cxppp+d—cxi—d

P

P

Xiy2 = Xix1 Xi+1 — Xi
_ |G mxi) G — )l
Xi+2 = Xi+1 Xivl — Xj

-2

o nz: 101 (g5 X2, Xiv1) = Q1(p3 Xist, X _ 0.
Ai
i=0
Therefore, Va2 ,(p; [a,b]) = 0 and so ¢ € A%BV([a, b)). (I

3. Main Results

This section is dedicated to establish some properties of the space Af,BV([a, b]). We start showing that AIZ,BV([a, b])
is a vector space.

Lemma?2. ff 1 <p<oo, f,ge A,Z,BV([a, b]),and A € R, then
o Va2,p(Af) = |[AUVap(f) and
o VA,Z,p(f + g) < VA,Z,p(f) + VA,Z,p(g)-

Proof. Let A be a ‘W-sequence and and suppose 7 = {x;}7., € II3([a, b]). Then

n-2 I/p
{Z 101(Af; Xivas Xis1) — Q1A x,-+1,x,-)|f'}
Ai
i=0

n—=2 3 X » 1/p
{Z QL2 360 = Q1 i, ) }

i=0 Ai

|
i=0 Ai

n-2 1/p
|/1|{ |O1(f5 Xiv2, Xig1) — Ql(f;xi+1,xi)|p} '
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So, Vaop(Af) = [A|Va2,,(f). Moreover,

=0 i

n-2 I/p
{Z [01(f + & Xiv2, Xiv1) — Q1(f+g;xi+1,xi)|p}

n— . 1/
{Zz [01(f; Xiv2, Xi+1) = Q1(f; Xir1, Xi) + Q1(8; Xiv2, Xiv1) — Ql(g;xi+l»xi)|p} !

A
i=0 !

IA

n-2 . 1/p
{Z 101(f; xis2, Xi41) — Q1 (f; x,-ﬂ,x,»)w}
A

i=0

+

i=0 Ai

n=2 » /p
{Z 101(85 Xi+25 Xi+1) — Q1(8; Xiv1, X)) }

Therefore, Voo, (f + &) < Va2,(f) + Va2,,(9).

Now, it is easy to prove that
A llazp := Ifllo + Vao,p(f; [a, b])
defines a norm in AIZ,BV([a, b)).

The following proposition shows that the variation Vi,z,p( f; [a, b]) is semi-additive.

Theorem 1. Ifa<c<b, 1 <p<oco,and f € AIZ,BV([a, b)), then f € Af,BV([a, c)), fe Af,BV([c, b)) and
Vazp(fila, b)) = (Vapp(fsla, c))? + (Vaz,(f3 [e, D))
Proof. Consider ¢ € (a, b), and fix two partitions in I13([a, c]) and I13([c, b]) respectively; say
Tia=X0 <X <+ <Xyt <Xpp=¢C

and
T C=Xp < Xppgl <+ < Xyl < X, =b.
Put

m=2

O O xivas Xiv1) = Q1 (5 X, X)IP
A= Z{; ,

A

n-2
B [O1(f xj42, Xjs1) = OQ1(fs xj1, X)IP
B:= Z /1‘,'

j=m

and consider the partition 7 = 7 V mp which is in I13([a, b]).
Then,

. _ . p
A+ B < A+B+ |Ql(f7 anlaxm)/l Ql(f7 Xms xm—l)|
m—1

_ nz_%‘ |01 (f; Xix2, Xir1) = O1(f; Xiv1, X)IP
i=0 /L'

thus

n-2 I/p
sup 1O1(f Xiv2, Xix1) = Q1 (S Xivr, Xi)IP
relly(ab)) | 55 Ai
= Vao,(f;la, b))
(Va2,p(fs[a, b])P.

(A+B)Wr

IA

which implies (A + B)

IA

Therefore,
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A < (Vapp(fila, b))’ - B

and taking supremum over all partitions 7} of [a, c] we obtain:

(Vaz,p(f;la,c])” = sup A < (Vao,(f;[a, b))’ = B < oo,
and so
f € AyBV([a,c)).

Hence,
B < (VAo (fila, b)) = (Vao,(f;la, D).

Now, taking supremum over all partitions m, of [c, b] we have:

(Vap(fsle, bD))? = sup B < (Vaop(f;[a, b)) = (Vazp(f;la, )P < oo,

™

thus
f € AZBV([c, b))

and hence
(Vazp(fsla,eD) + (Vaa,(file, b)) < (Vao,p(fs la, D).

Lemma3. If ]l < p<ooand f € Af,BV([a, b]), then Q;(f;-,-) is bounded on [a, b] X [a, b].
Proof. We first note thatif a < xo < x| < x2 < x3 < b, then, by the definition of Va ,(f; [a, b]), it follows that:
101(f x3, x2) = Q1(f x1, X0)I”

|Q1(f; x3, x2) — O1(f; X2, x1) + Q1(f5 x2, x1) — O1(f; x1, xo)|?
2P[1Q1(f5 %3, x2) = O1(f5 X2, xDIP +1Q1(f3 X2, X1) = Q1 (f5 x1, X0)I”].

IA

On the other hand, if a < xyp < x; < x < x3 < b, let us take A; and A, with A; < A,. Then

101(f5 x3, x2) = Q1(f x1, x0)I”

< or [/12|Q1(f; X3, X2) :1 O1(fs x2, x1)IP Y |01(f5 x2, x1) :1 O1(fs x17x0)|"]
2 1

< 9P [/12|Q1(f; X3, X2) :1 O1(fs x2, x1)IP N /llel(f§ X2, X1) :1 O1(fs x17x0)|"]
2 1

< 2P0(Vaop(fila, b))

Similarly, if a = xp < x; < x» < x3 < b, letus take 4y and A; with 4y < 4y, so

101(f5 x3, x2) = Q1(f x1, x0)I”

< or [/11 [01(f; x3, x2) ; O1(f; x2, x)IP N /10|Q1(f; X2, X1) :1 oi(f; leO)V’]
1 0
< o [/11 [01(f; x3, X2) — OQ1(f; x2, x)IP Y 10:1(f; x2, x1) = O1(f; leO)V’]
/11 /10
< 2P0(Vao,(fsla, b))

Now, let ¢ be an arbitrary point in (a, b), yo,y; € [a,b] and A = |Q(f; c, a)|P.
The proof of the Lemma depend on how yy, y; are located with respect to a, b and c.
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Case 1. Suppose that a < yg < ¢ < y; < b. If y, is a point such that y; < y; < bthena <yy <c <y; <y, < b and
this implies that

101(fsy1, yo)lP
[01(f3y1,y0) = Q1(fsy2,y1) + Q1(fsy2. 1) — Qi1(fr ¢, a) + Q1(f5 ¢, @)’

< 271Q1(F3v1,50) = Qi (fs 2. yOIP + 2771Q1(f3 y2, 1) = Q1(fs ¢, a)l”
+ 2%10i(f;c.a)l
. _ . p
_ 2p/11|Q1(f’y2,yl) O1(f5y1,0)l + 2210, (Fiya 1) - OV(Fr e )P

A
+ 2%101(f;c a)l
A
2P (Vanp(fsla, B + 237 A (Vo p(f; [a, )Y + 11221’71.

IA

Thus,
2p

2
1013 31,5017 < A1 (27 +2)(Vaa,(f3 [a, b)Y + /1—1A =K.

Case2. Suppose thata < ygp < ¢ <y; = b. If y, isa point such thatc <y, <y =bthena<yy<c <y, <y =b
and this implies that

[O1(f5y1, y0)IP
[01(f5y1,¥0) = Q1(fs y0, @) + O1(f5¥0, @) — O1(f3y1,¥2)

+ Oi(fiyi,y) = Qi(fic,a)+ Qi(fsc,a)lf

< 2°101(f3y1,50) = Q1 (f; 0, P + 2%101(f3v0, @) — Q1 (f3y1, y2)I
+ 2%101(f;y1,52) — Qi(fs c. @)l + 27101 (fi ¢, @)l

< 2 JQUV0D O D | 20 oy s DY

Ao

A
+ 2P 02P(Vaa,(f; la, b)) + 11231’7
1
3 4, 2%
2P 20 (Vaop(fs [a, B1)Y + 41(2°F + 2*7)(Vp o p(fs [a, D)) + A4 /1_1A

IA

</11

23p
(27 + 2% + 2%P) (Va2 p(f; [, B]))P + - ] .
1

Thus
3p

2
101(f3 31,001 < A1 |27 + 2% + 2)(Vi 2 (f3 [a, D) + /I_IA} = K>.

Case 3. Suppose thata < yp <y} <c <b. Ify,isapointsuchthatc <y, <bwehavethata <yp<y; <c <y, <b
and then

[O1(f3y1, yol?
[01(f;y1,¥0) = Q1(f3y2, 1) + Q1(f y2,31) — Q1(f b, y2)

+ Qi(fib,y2) = Qi(fsc,a) + Qi(fic,a)l

< 22101(f3y1,50) = Qi3 v yOIP + 222101(f3 y2, 31) — Q1 (f3 b, o)l

+ 2%101(f;b,y2) — Qi(fs c. )l + 2104 (fi ¢, @)l

< 7, 1913 32.90) = Qi (F 130" 22,,/12|Q1(f; b,y2) = Q1(f3 y2, y0)I”

A1 A2

24p
+ 2% 0507(Vao p(f; [a, b]))P + L==A
2

24p
< A |Q2F +2% + 2°) (Voo (f; [a, b)) + Al
2
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Therefore
4p

2
101(f3y1, Y0P < A2 |(2F + 2% + 2*7)(Va 2 p(f [a, b])) + o

Al =Ks.
These cases are typical. The other 3 cases:

e a=y)<c<y <y)<b,

ea=y<c<y<y1=b,

e a<c<yy<yi<y»<b,

it can be shown analogously that Q;(f; -, ) is bounded. O
In the next result we prove that any f € AIZJBV([a, b]) is Lipschitz and therefore absolutely continuous on [a, b].
Denote by L2(f) the Lipschitz constant of a function f : [a,b] — R; i.e.,

fx2) = f(x1)
X

2= X1

LE(f) := sup {' D x1, X% € [a,b], x) # xz}.

Lemma 4. If f € AIZ,BV([a, b]), where 1 < p < oo, then f is Lipschitz continuous on [a, D].

Proof. By Lemma 3, there exist K > 0 such that

|Ql(f7y’ x)'P < Ka v-x7y € [Cl, b]a

thus,
101(f;y, 0 < K7, Vx,y€[a,b],

or equivalently:

JO =D g1t vy y e [abl.
y—x
This means that f € Lip([a, b],R), with L2(f) < K'/P. O

4. Superposition Operators in Af,BV([a, b))

Below we present a characterization of the action of the composition operator (Nemytskij) on the space AIZ,BV([a, b)),
showing that if a superposition operator H applies this space into itself and it is uniformly bounded, then its generating
function & : [a, b] X R — R, satisfies a, so called, Matkowski’s condition, that is,

h(x,y) = hi(x)y + ho(x), x¢€[a,b],yeR

for some hy, hy € AIZJBV([a, b)).

Theorem 2. Let h : [a,b] X R — R be a function such that, for any x € [a, b] fixed, the function A(x,:) : R - R
is continuous with respect to the second variable. If the superposition operator H, generated by &, acts on the space
A3 BV([a, b]) and satisfies the inequality

IH(¢) = HW)lIa2p < ¥le = Wllazp). @ € ABV([a, b)), 4.1)
for some function y : [0, +00) — [0, +00), then H satisfies a Matkowski’s condition.

Proof. Fix y1,y, € R, with y; # y,. For a, 8 € [a, b] such that @ < 3, consider the function

0, ifa<t<a

o
na,ﬁ(t) = m, lfCL’StSﬂ
L, ifa<tr<b
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Letus define ¢; : [a,b] = R, j=1,2by:

1
60 = 5 [Map®1 =y2) +y;+ 32| J=1.2. (4.2)

We note that | |
010 = 3 [1ep@01 =32 + 31+ 32 and @20 = 3 [1ap1 = 32) + 202]

thus yi—y
- )2
e1(t) — @a(1) = 17
and
[y1 — 2l

llgr = @allazy = llor = @allee + Va pler — @23 [a, b)) = —

By Lemma 1, ¢, ¢ € A%BV([a, b]). Now for any x,y € [a, b] such that x < y, taking @ = x and 8 = y in (4.2), we
get:

1
e1(x) = p2(y) = 3 i1 +y2], @)=y and ¢1(y) =y

thus,
[H(p1) — H(p2)1() — [H(p1) — H(g2)](x)
_[H@) o) - Hipn) - Higo(o) + Higa)o)
_[hOuei() Ay, 20)) = Ht a2 + .ol
s
) — Ay, 252) - s 225 ¢ e |
=
On the other hand,
[H(p1) — H(cpz)](yy) - ECH(%) — He)I)| _ L(H(g1) — H(g2))
and
LUH(g) ~ Hg) < KF = (CilVa,(Higr) - Hig2): [a, b)Y + CoA)?
< [CillE@) - HIE,, + CoA]
< [Ci0er —eallnz)) + Coa”
< C[oller - eallazp)y +A]7

where K and A are given in the proof of Lemma 4 and 3 respectively, and C = max{Ci/ . C;/ P} is a positive constant.
Hence

< C |lllpr = @allaz))” + A7

‘h(y,yl) = h(y, 15%2) = h(x, “52) + h(x,y»)

y—x
which implies that
+ +
v = 0 22 e 22 4y
» 1
sc(y(wn +A) Iy — . 4.3)

By hypothesis the operator H takes its values on the space AIZ,BV([a, b]), and since the constants functions are in that
space, we have, for any y € R, that
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h(-,y) = H(y) € A, BV(la,b])
and therefore (-, y) is continuous for all y € R. Taking limit when y — x in (4.3) we obtain:

1+

hx,yn) = hx, 2 2z

+
)= hn B2 ey =0 Vxelabl, Yy €R,

thus,
yity2

2

This shows that h(x, -) satisfies the equation of Jensen (see [14], pdg. 351), and since A(x,-) : R — R is continuous,
by Theorem 13.2.2 of [14] (pag. 354), exist hy, h; : [a,b] — R such that

Zh(x, ) = h(x,y1) + h(x,y2), Vx € [a,b].

h(x,y) = hi(x)y + ho(x), x¢€la,b], yeR. “4.4)

Let us note that for each y € R, the function A(:,y) € AIZ,BV([a, b]), then using equation (4.4) we have, for y = 0 and
y = 1, that
ho(x) = h(x,0) and hi(x) = h(x, 1) —ho(x), VYx€la,b]

therefore hg, h; € AzBV([a, b]), which completes the proof.
O

Definition 3. [15]
LetY and Z be two metric (or normed) spaces. We say that H : Y — Z is uniformly bounded if, for all ¢ > O there
exists a nonnegative real number y(7) > 0 such that for all set B c Y

diam B < t = diam H(B) < y(1).

Theorem 3. Suppose that a,b € R, witha < b, n € N and that & : [a,b] Xx R — R is a function such that Vx €
[a,b], h(x,-) : R — R is continuous in the second variable. If the superposition operator H, generated by h, acts on
AIZ,BV([a, b]) and is uniformly bounded, then there exist functions hg, h; € A%BV([a, b)) such that

h(x,y) = (x0)y + ho(x), x€[a,b], y€eR,

and
H(p)(x) = hi(x)e(x) + ho(x), ¢ € A,Z,BV([a, b)), (x€la,b]).

Proof. Let o, € AIZ,BV([a, b)).
If t > O1is such that |lo —lls 2, < ¢, then diam{p, ¢} <t and diam H({p,y}) < y(?), since H is uniformly bounded.
Taking 1 = |l¢ — ¢lla2,, We obtain

diam H({e, y}) < y(@) = y(le — ¥llaz,p)

which implies that
lH (@) — HW)lA2,p = diam H({p,¥}) < v(lle = ¥lia2,p)s

and the result follows from Theorem 2.
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